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Chiral anomaly and CPT invariance in an implicit momentum space regularization framework
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This is the second in a series of two contributions in which we set out to establish a novel momentum space
framework to treat field-theoretical infinities in perturbative calculations when parity-violating objects occur.
Since no analytic continuation on the space-time dimension is effected, this framework can be particularly
useful to treat dimension-specific theories. Moreover, arbitrary local terms stemming from the underlying
infinities of the model can be properly parametrized. W&analyze the indeterminacy of the radiatively
generatedCPT violating Chern-Simons term within an extended version of QEDd calculate the Adler-
Bardeen-Bell-Jackiw triangle anomaly to show that our framework is consistent and general enough to handle
the subtleties involved when a radiative correction is finite.
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[. INTRODUCTION is that no procedure of DFR beyond one-loop order exists

such that gauge invariance is automatic. Also, momentum

To circumvent the ultraviolet infinities that appear in per-space is more natural for calculations of amplitudes with

turbative calculations in renormalizable quantum field theofixed external momenta and Feynman rules are simpler to
fies, a relatively new regularization framework called differ- "andle, especially for massive theori@dthough this is, of

ential regularizationDFR) was proposed if1] (see also course, a matter of tagteand finally we have an all ready

[2]). DFR is a very elegant formalism and yet somewhat“?é?ry of momentum space integrals, Feynman parameters,

tractable from the calculational standpoint. The essence o I.n view of this, a consistent, symmetry-preserving regu-

this method is to write an amplitude in the positi@@uclid-  |arization and renormalization procedure that wodkectly
ian) space as a derivative of a less divergent function whichin the momentum space without recoursing to the analytical
contains a logarithmic mass scéaf#aying the role of a sub- continuation on the space-time dimension would be desirable
traction scalgand an integration by parts prescription whereand certainly worthwhile to study. Recently a momentum
a surface term is neglected. DFR has some rather nice feapacen-dimensional regularization framework that shares
tures:(a) it does not modify the dimensionality of the space- some advantageous features of DFR was propfsedlq
time or introduce a regulatorh) it naturally addresses the [for definiteness let us call it implicit regularizatidiR)].
question of renormalization by delivering renormalized am-Nonetheless, it is not a simple momentum space version of
plitudes that satisfy Callan-Symanzik equations. ThereforeDFR: it can give us new insights in some calculati¢as we
in principle, it is applicable to a broad range of field- shall see in this work especially when the standard regular-
theoretical models. izations cannot be implemented, as well as a better under-
On the other hand, perturbative calculations in chiral, to-standing of the origin of certain regularization-dependent re-
pological, and supersymmetric theorigghich share the fea- Sults. In spirit, it is close to the Bogolubov-Parasiuk-Hepp-
ture of being well defined only in their integer space-timeZimmerman (BPHZ) method: a regulating function
dimension are more involved since in most cases one cannoB(k?,A;) is only implicitly assumed in order to justify the
apply dimensional regularizatiqidR) (and some of its vari- algebraic steps in the integrands of the divergent amplitudes.
ant9 in an ambiguity free way3—5] or without having to  A; are the parameters of the distributiGrfor which we only
face cumbersome calculational complications stemmingissume thatitis even in the integrating momenkuand that
from spurious anomalies. Although DFR can in principle bea connection limit exists, i.e., Iim_,wG(kz,Ai)ZL So to
consistently applied to this class of theories, as it has beeguarantee that the finite amplitudes are not modfidthe
verified in some modelf5—10], its use has not become so purpose is to display the divergences in terms of primitive
popular yet, especially beyond the one-loop order, in thejivergent integrals that depend solely on the loop momenta
electroweak sector of the standard model and in supersynwhich need not be evaluated. The remaining finite integrals
metry (SUSY) models, for instance. Some authors argue thatan be grouped in two classes: the ones that depend on the
the convenience dinomentum spageDR’s beyond the one- physical momenta, and therefore are integrated as usual, and
loop order justifies mending the shortcomings caused by redifferences between integrals of the same degree of diver-
lated unwanted breakdown of symmetr[ds5]. The reason genceA,. The latter, which we have called consistency re-
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lations (CR) in early works, will play a central role in our used to consistently display the triangle chiral anomaly in a
discussion in this contribution. For arfinteged space-time  scheme-free fashion which allows the anomaly to appear in
dimension such CR will appear systematically in perturbathe vector and axial Ward identities on equal footing. In all
tive calculations in any field-theoretical model. Their value isthe examples we emphasize the role played by the choice of
regularization dependent and therefore, in a most general folocal arbitrary terms in our framework, whose value is either
mulation, undetermined. However it may be fixed by thedetermined by the symmetries of the underlying theory or, if
symmetries of the underlying theofWard identities at the ~ Not, should be left arbitrary.
very final stage of the calculation.

A crucial feature of the regularization framework de-  Il. ARBITRARY LOCAL TERMS AND MOMENTUM
scribed above is that the singular terms are left untouched in ROUTING

the form of basic divergent integrals. No finite terms are lost o

whereas arbitrary local terms may be parametrized by thg. Let k be the momentum running in a Ioop of a Fey_nman

CR. According to renormalization theory such arbitrary local lagram. In[11,13 it was shown'that if certain well-defined

terms correspond to the addition of a finite counterterm indlfferences between divergent mtegf‘a{whlch do not de-
end on external momenta and have identitgl were to

the Lagrangian, which may be added at will as long as i en’ . ; L
respects the relevant symmetries of the theory. Again, IR anfjanish then the corresponding amplitude is independent of
e arbitrary momentum routing in a loop, consistently with

DFR partake these feature and therefore give rise to the mo . . hah
general quantum effective action since the CR play the rol€N€rdy-momentum conservation. Itis easy to seedfahe

of the arbitrary mass scale that appears in DFR. This is prec-:R below vanish identically if we perform an explicit evalu-

cisely what distinguishes DFR and IR from DR, Pauli- ation within dimensional or Pauli-Villars regularization.
Villars, etc., which together with a renormalization prescrip- . 1€y ¢an be grouped according to the space-time dimen-

tion, fix these arbitrary local termeb initio [17]. Sio’? [13]. . .

A constrained version of IRCIR), where the CR are set (1) 111 dimensions
to zero, would be more practical from the calculational point 5 5
of view. It amounts to fixing some arbitrary scales from the 0 :J'A dk g, —ZJA d’k  kk,
start in such a way that the Ward identities are preserved ) (2m)? Ke—m? (2m)2 (K2—m?)2’
[11]. Whereas this could be advantageous for, say, all order
proofs, care must be exercised when one computes amplii) 2+ 1 dimensions

tudes with(an odd number ¢fparity-violating objects, such

@

asys matrices. That is because it can be shown that such CR 3 3

S . . A dk gL, A dk (&
are connected to momentum routing invariance in the loop of E;l/.vE f I f 3 2 @
a Feynman diagram. Should the CR vanish then the ampli- (2m)° k*=m (2m)° (k*=m")

tude is momentum routing invarianf11,13. In particular,
they are important to study chiral theories and chiral anoma- fA d3k 1

(27)3 K2—m?

lies since momentum-routing dependence plays a key role in E,leBEg{Wgaﬁ}
describing chiral anomalies within perturbation theft$],
which is the main subject of this contribution. The counter-

3

part in DFR is called the constrained differential regulariza- _SIA d’k M, 3)
tion (CDFR) program[7—10], in which all the arbitrary (2m)® (k*—m?)3
scales are fixedexcept for the renormalization scaley
means of a set of rules. etc.

This paper is organized as follows: In Sec. Il we recall the (iii) 3+1 dimensions
main features of IR and present the CR, using QBB an
illustration. The novelty here is that we introduce a general V2 J'A d4k Uy fA d4k kK, A
parametrization for the arbitrary terms which is consistent v (2m)* Ke—m? (2m)* (R—m?)?’ 4

with the symmetric limit in the integration variable of diver-
gentintegrals. In Sec. Il we briefly revisit the problem of the

radiatively inducedCPT and Lorentz violation within an o [* d*k Ouv A d%k K.k,
extended version of QEDnamely adding a term of the form = (27)* (K2—m?)? —4 2m* (K—m?)3’
Yysby in the Lagrangianlf,, is a constant four-vectprThis (5)

has been a matter of intensive debate as regards the role
played by the regularization within a perturbative or a non-
perturbative inb treatment of the problem. Here we show “From now on we simply refer to them as consistency relations
explicitly that the undeterminacy arises in both treatments ifCR).
the same fashion in IR. In Sec. IV it is shown how IR can be °The linear and quadratic CR’s are not finite in all regularization
schemege.g., naive cutoff in the\ — oo limit). This is not a prob-
lem because a scheme in which they are finite can be found and in
SHowever, if they assume a nonvanishing value, it does not necronanomalous situations a local contraterm can be added to yield
essarily mean that momentum-routing invariance is broken. zero.
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Y2 g g JA dk 1 1 _% (- 1) (KZ+ 2k;k)!
pvap {nvIdap} (277)4 k2_m2 [(k+ ki)2_m2] i=o (kZ_mZ)j+l
fA d*%k K,k K Kg 3 L, DY 2Kk
(277.)4 (k2_m2)3’ ( ) (kZ_mZ)N+l[(k+ki)2_m2]’
1y
o A d¥k 1
Ywaﬁzg{wgaﬁ}f (2m)* (K2—mP)? wherek; are the external momenta ahtis chosen so that
the last term is finite under integration ovlkr The basic
A d%k KK, K.Kg divergent integrals as defined in E@8), (9), and(10) (and
—24 o (7) which can be used to characterize the divergent structure of
(277)4 (k2_m2)4

the underlying modé¢lneed not be evaluated: they can be

fully absorbed in the definition of the renormalization cou-

etc., wheregy,, 9. stands forg,, 9.+ 909,51 9up9va- plings. For the evaluation of the renormalization gro8p
On the other hand, it is well known that a shift knis  function to two-loop order irp} theory and four-dimensional

immaterial only if A;<0, otherwise &finite) surface term  QED (QED,) within this approach segeél4]. For an algebraic

should be added. This is an indication that care must b@roof of renormalizability ton-loop order of¢g theory (al-

exercised in what concerns the momentum routing when diternative to the BPHZ methodsee [15]. Applications to

vergences higher than logarithmic arise in Feynman diagrarmodels involving parity-violating objects can be found in

calculations. Perturbation theory makes a peculiar use of thigl3] and to nonrenormalizable theories[it5].

feature for in some cases gauge invariance relies on adopting In order to get some insight into our discussion let us

a special momentum routir{d 8]. display the QER vacuum polarization tensor according to
The most famous example is the triangle chiral anomalythe rules of IR. To one-loop order and with arbitrary momen-

(see, for instancd,18]). It is noteworthy that the amplitudes tum routing it read®

that manifest this feature generally contain one axial vertex

(parity-violating objeck A closely related issue is that whilst

a shift in the integration variable is allowed within dimen- _

sional regularization, the algebraic properties yf clash M= fktr{y“s(kJrkl)y”S(kJFKZ)}’ (12

with analytical continuation on the space-time dimension.

This suggests that working with CIR in the presence of

dimension-specific objects may give rise to similar problemgvhere S(k) is the usual free fermion propagator. For the

as those appearing in dimensional reduction beyond the on@articular momentum-routing, = p andk,=0, Eq.(12) can

loop order[19,20. be written, after taking the trace over the Dirac matrices, as
We shall work in a regularization framework where a

regulator needs only implicitly be assumed as discussed in

the Introduction. For a more detailed account on IR please

seg[11]. The basic procedure is to isolate the divergences of

the amplitudes in the form of basic divergent integrals,nere

_ A A A A
H,u,v_ _4(2‘] V+ pM‘]V + pV‘],u_g,uVI )i

w

namely,
A 1k, .k, k
A d4k 1 JA JA JA EJ AYTRRAYVANZ (13)
0A 2\ ’ ’ v ’
Iqua m )_J (277)4 k2—m2’ (8) m K [(k+ p)2_m2](k2_m2)
A d%k 1 A k2—m?+p-k
lf’oé(mz)=f 7 , ©) lAEf 2 21k — 2y
(2m)* (k2—m?)? k [(k+p)*=m?J(k“—m?)
(14
oA Adk 1 , . . .
19/ (mZ)ZJ T (10) Notice that the integrals above are divergent. According to
(2m)° k“=m our strategy we display the divergencies solely as a function

of the loop momentum by means of a recursive use of Eq.

and so on, which carry no dependence on the external mc(-ll) to yield

menta. The latter will appear only in finite integrals. This can

be achieved by means of a convenient identity at the level of

the integrand, namely, 5Throughout this papef, stands forfd*k/(2)*.
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HW_ZJA kK, fA k? A ) —p A? L
4 K (k2_m2)2_g/“’ K (kz_mz)z Iog(m )=bln E + B, ( 7)
+m? J'A 1 _ zfA 2k,k, where S is a finite constant and is a cutoff, is a general
G k (k2—m?)2 k (k2—m?)3 parametrization of Eq(9). In fact, also for a generic loga-
rithmic divergencd|gy(m?),
-+ gpe BfAkMk,,kakB e JA K,k
PPl ae—mt P P Gem ) Mg _ 0 2K b o
2 2 2_n2)it+2 2’7
) Ak, , A K2 am om“Jk (k=—m?=)' m
_pruJ ﬁ_pgwjﬁ o At
k (k“=m?) k (k“=m?) and thus Eq(17) is its general parametrization. For the qua-
dratic divergences, we write
A kzkakﬁ
—4gwpap3J’k (kz——mz)“ A K2i
1A (my=| ———— (19
Aokks b, " i (k2= m?) !
+2g,wpap5J' W—g(p 9= PP, _ o _ o
k ( m°) in which i=0 corresponds to our basic quadratic divergent

(8). However, in this case different values ofvill render

2 2 )
X(%Jr wzo(pzimz) , (15)  different parametrizations for thgﬁad(mz) as
p
o _ I gnadm?) =
whereZy(p%;m?) is defined as in EqtA11) and T=(I +1)log(m?). (20)
m

b= —. Using Eq.(17) and integrating the equation above, we con-
(4) clude that
The last term in Eq(15) is the result of the integration of . 2
finite integrals. To define the renormalized vacuum polariza- qui}ad(mz)zb(i +1)| cA2+m?In — +am?|, (21)
tion tensor one should join the usual counterterm to define m

H/LVR:H,LLV+(p/LpV_ ng,u.v)(ZS_l)l AM:Z%IZAILRL' As is . .
well known the Ward identities strongly constrain the diver-where @ and ¢ are undetermined constants, parametrizes

gent structure, namely the infinity ought to be absorbed byyaadm?).” Notice that such parametrizations are based on
Z3. most general properties of the primitive divergent integrals.

In the spirit of our method, namely to write the infinite One can find general parametrizations for other divergencies
parts in terms of the loop momenitaonly, we could proceed in any space-time dimension in a similar fashion. For the
in two equivalent ways(1) to write a parametrization based sake of illustration let us test our parametrizations against
on very general properties of the divergent integrals @d two CR. For example Eqb5) reads
to group differences of integrals of the sarhgto define the
objects expressed in Eqd)—(7). The purpose that is com- Y0, =9, [10(m*) —4clhs(m?)], (22)
mon to both approaches is to make close contact with
Jackiw’s idea that the arbitrariness expressed by finite differwhere we used f(k?) k,k,=c fif(k) kZQW, According to
ences between divergent integrals should be left for the symeq. (17), we can parametrize Eq22) as
metries of the underlying model to ff21]. Although we are
evidently more interested in the second approach, as we dis- A2 A2

! T ! : - 1 5
cussed in the Introduction, it will be also interesting to ana- Yoyzgwb{ |n(_2) —4c¢ In(—2> +ﬁ1—,32], (23)
lyze the problem of the CPT violation in extended QED m
(Sec. ), in light of the first approach.

For this purpose, we write a general parametrization for—
divergent integrals that depend only knFor instance, con-

7 it ; ; 2_73%2
sider Eq.(9). It can be shown that After a redefinition of variables that includes\“= A<, we can

rewrite Eq.(21) as
~ A2
Il g (MP) b TA (mP)=h(i+1)| A2+n? |n(ﬁ—]2

= (16)

+a'n?

keeping in mind thatA\’s coming from different divergent
from which we see that pieces should be labeled.
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from which we see that the symmetric lindt=1/4 may be and hence the quadratic divergences cancel out tmiz
taken to yield a finite undetermined constant expressed by A2 as well as the logarithmic ones providee 1/4. Then

the differences; — B,. Likewise Eq.(4) reads a remaining finite term is set to zero on gauge invariance
grounds.
Y2, =0, 50mdm?) =2 ¢ lgahdm?)], (24 Alternatively, and more elegantly, we can display the di-
vergent structure of Eq12) in terms of the CR as expressed
for which Eq.(21) allows us to write by Egs.(4)—(7) and thus learn how gauge symmetry inter-

plays with momentum routing. We quote the result frid8]

~ A?
Y2 =hg,, /\24—mzln(—1 + agm? 5 1
S B m? I,,=11,,+4| Y5,- S (G+K)Y],
A2 1
2, 2 2
— + — | + « a a a
4c| Az+min m2 @m (25 +§(k1kf+k2k§+k1k§)Y2mﬁ_(k1+k2) (kq
which explicitly shows that the symmetric limad=1/4 is 1 w
PRty 4 ko), Y0, — 5 (KK +kEkDG,, Y O], (29)

necessary to ensure the finitenesf, providedAf=A3.

In other words, at least within our parametrization, the
symmetric limit can be consistently taken and the Ward idenwhere
tities are ultimately used to fix the ambiguities. In light of
what we have just exposed let us turn our attention back to 4
the QED, vacuum polarization tensor. Except for the first 1T, = §[(k1_kZ)Zgﬂv_(kl_kZ)#(kl_k2)v]
three integrals in Eq(15), the other logarithmically diver-
gent integrals can be added up to yield a gauge invariant A2 1 2m?+(k;—ky)?
liog(m?) —b §+—

structure of divergence: X (—ky)?
R A kK, A K2 y
H'MV:4 ka (kz—mz)z_g#]}fk (kz_mz)z XZo((kl_kz) ,ym ) . (30)
29 J'A; + f(ng —p.p.) We can certainly set alY’s to zero consistently with the
Pl (ke-m?)2) 3 py TREY Ward identity ;—kp)#II,,=0. In additon one may

choose a particular routing, s&f=p, k,=0, and let the

value assumed by thé'’s be arbitrary, viz., waaﬁ

:)\lg{,uvgaﬂ}! Y,?LV:)\ngLV’ Y,LZLV:)\SIU“ZQ,U.V' Hence we
obtain that

1 (2m?+p?)

X T$g<m2>—b(§+ Tzomz;mZ))

+(p2g,uv_ pp,pv)(z?)_ 1) (26)
PAIL,,,= 4P, [(N1 = 2N2) PP+ Nap?]
The Ward identities impose that the first three integrals in Eqg. g ! ? :

(26) should cancel out. We can explicitly verify within our {om which we see that gauge invariance is accomplished
parametrization that this amounts to saying that a finite arbithrough the choiceNs,A»,\5) =(2\,\,0), with A being an

trary term should vanish. Substitutingk, with ck’g,,, in arpitrary local term. The momentum routing is immaterial in

the integrand of the first integral we have, according to oukpis example.

notation, Besides being elegant, to write the differences between

0As 2 divergent integrals with no external momentum dependence

log (M) (270 and with the samé in terms of the CR’s will be particu-
larly attractive in the discussion of chiral theories and

which can be parametrized as anomalies within perturbation theory.

1Ay 2y 1Ay, 2 2
ZCgWIqua m<) gwlqua m<) +m-I

2

1

2 2 2 [Il. UNDETERMINACY OF THE INDUCED LORENTZ
AT+meIn| — | +am

AND CPT SYMMETRY BREAKING TERM
IN EXTENDED QED,

4cbg,, 2

2
~2bg,,| A3+m2In 2 4 aom? The subject of a possible radiative generation of the Lor-
m? entz andCPT symmetry breaking term
+m2g,,b|l A3 + 28 ! VA
M°g,,bIn| =5 | +as (28) Los=5Cue"MF A, (31)
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arising from the Lorentz andCPT-violating term and was thought to lead to a well determined ref229|.

b, ¥y, s added in the fermionic sector of standard QED The calculation is based upon the fact that RB) can be
(c,.b, are constant four-vectorbas been a matter of fiery decomposed as
debate. The controversy results from two main poi(itsthe s
fact that the value o€, appears to be regularization depen- S'(k)=Se(k) + Sp(k), (34)
dent[17,22,23 and(2) whether or not gauge invariané@nd  \yhereS. (k) is the usual free fermion propagator and
analiticity) can constrairc,, to vanish[24-27. As pointed

out by Jackiw and Kostelecky26] and well-argued by

Peaez-Victoria[27], the answer to this problem lies upon two Sb(k):mb7’5slz(k)- (35
related facts. Firstly, it is the action correspondent to the >

induced density(31), [d*x Lcs, which is gauge invariant. whereas the vacuum polarization tensor can be generically
Secondlyb,, is a constant field and therefore the term whichwritten as in[26]

is sought after needs to be gauge invariant at zero external

momentum only. Usually the regularizations which have =157+ IE"+ Ty (36)
been employed enforce gauge invariance at all axial mo- _ o )
menta(Pauli-Villars, DR with the 't Hooft Veltman prescrip- 1heb,.-linear contribution to Eq(31) comes fromll;”,

tion for ys). Other generalizations ofs in DR often give

different res_,ults. DFR can be employed in the perturbative in 14 (p) = f tr{ y“Se(K) ¥ Sy(k+p)

b, calculation[17]. However for theb ,-exact propagator k

case DFR cannot be implemented since it is not possible to Y
write such a propagator in coordinate space. This issue is 7" Sp(K)y"Se(k+p)}- (37)

particularly attractive to be dealt with within IR. It is remarkable that only the lowest order in thg approxi-

Although in principle Eq.(31) is a local renormalizable ation of S,(K), Viz. Sy(K)~—iSe(K)bysSe(k) (and thus
term allowed by the symmetries of the thedsave Lorentz  [yuv_ ppuvap ), coincides with the result to all ordér29—
and CP7, its appearance at a classical level undergoes strirgfzﬂ Thereﬁ‘o’re we need to evaluate

gent theoretical and experimental bou@8]. The quantity

of interest for deciding whether E@31) is radiatively gen- )
erated is theD(A?) part of " (p)=—i Jktr{y"S(k) ¥'S(k+p) y*ysS(k+p)
2y R ST
F(A )=—Ii In de(lﬂ A b’y m)|/_\2 +’y’u'S(k)’ya’y5S(k)’yVS(k+p)}
ocfAM(—k)HW(k)Av(k) (32) =—{I1"+15"} (38)
k

which, within IR, yields(see[13] for calculational details
with IT,,~b,I'***(p,—p). On general grounds we can say
thatI'*"*(p,—p) is undetermined by an arbitrary parameter N
a® namely T#"(p,—p)~T*"*(p,—p)+2iae" *Fp, 157 =117 Fpﬂewaﬁ' (39
which, contrary to the triangle anomaly, cannot be fixed by &
the Ward identities. , , where\ is an undetermined dimensionless parameter defined
In this section we would like to recall briefly some of our ,q in Eq.(5) with
results on this mattgrl3] and shed some light on the inter-
pretation, particularly in what concerns the undeterminacy of in
the radiatively generated term. In our framework it will be- Ygﬁ:_zgab’ (40
come apparent that both the perturbative and nonperturbative 87
in b, formulation (as conceived i1126]) deliver an equally
intrinsically undetermined resulin the sense that different and
regularizations would assign different valiuebhus it should
be fixed by(re)normalization conditions and/or direct com- ere  — Eﬂmﬁﬁ
parison with experiment. nompert 272
A nonperturbative evaluation makes use of theexact

propagator whered=2 arcsif \/E/(Zm)] andp?<4m?. As for the per-

turbative inb, calculation, the relevant diagrams are the

(33 b,-linear one-loop correction to the photon propagator in

147 is finite, and can be readily evaluated to give

i
m—)\ , 41

S = T mBye

This fact combined with the regularization ambiguity @f has
8Diagrammatically it corresponds to a triangle graph composed ofotivated an analogy with the triangle anomaly in a model calcu-
two-vector currents and one axial vector current with zero momentation in whichb,, can be initially considered as a nonconstant field
tum transfer between the two-vector gauge field vertices. b,(x) andCPT is spontaneously brokdr27].
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which a factorib, y* y® can be inserted in either of the two IV. ADLER-BARDEEN-BELL-JACKIW ANOMALY
internal fermionic lines to render equal contributions. Thus

the amplitude reads The physical relevance of anomalies in quantum field

theory was cleared up over 30 years 488,34 and has
been calculated in many regularization scheffé¢everthe-

HZ,;Z(—i)b*f tr v, Se(k—p) v, Se(k) Y Se(K) less it i_s very importan; to test IR in the triangle ano_maly
K calculation. The reason is that such a calculation constitutes a
=2bMI, (42) sort of “acid test” for the consistency of a regularization
mvo

framework (see [36] for a nice account on this matjer

wherep is the external momentum. The integral above is justRoughly speaking, from the perturbative standpoint, the
our 147 in the nonperturbative wittp— —p and theu, anomaly manifests itself as an ambiguity represented by a

indices interchanged. Taking into account the change Olpcal term due to underlying infinities C,)f the diagrammatic
signs, it gives calculation. Moreover, such undeterminacy floats between

the axial and vector channels, that is to say, the (tlssi-
P cal) tranversality for massless fermions is quantum mechani-
Hﬂvazeyvaﬁ pﬁ ’
pert 277_2

~ (43 cally broken. It is up to nature to decide how to make use of
sin

such freedom. On the other hand, the most popular regular-
ization prescriptions usually pick out tranversality on the
Therefore it becomes clear that the undeterminacy manifestgector currents to be fulfilled(e.g., Pauli-Villars, zeta-
itself in the same fashion in both perturbative and nonperturfynction regu|arizati0hsince vector gauge symmetry is fixed
bative treatments since they only differ by the effect of agp initio. A regularization framework that enables us to dis-
shift in the integration momentum. Indeed as pointed out inpjay the anomaly evenly between the axial and vector Ward
[26] there is no apparent reason for these two approaches {gentities seems more appealing.

prOduce different results. Our result is in consonance with In this section we Study the Adler-Bardeen-Bell-Jackiw
those appearing i[81,27) (see als¢32,30)) in the sense that  triangle anomaly and make explicit the role played by the
the ambiguity stems from the undefinddegularization- CR and the momentum routing in the evaluation of the

dependentintegral, fyk,k,f(k)=c g,,/k?*f(k?). Indeed  anomaly. To start we write thAVV triangle with arbitrary
if we evaluated Eq(40) using naively the symmetric limit momentum routing, namely,

(c=1/4) we would get

Vo = A d%k 1 A d%k k2 Tﬁ\J;’:—Jtr{yﬂ(k%—kl—m)’lyv(lﬁ—kz—m)’l
w0 | ot (e—m22 . * ] (2m)t (e—md)? ‘

) f d*k 1 i 4
= ym = — v
u (2m)* (kK*—m?)?3 32m2 O

X ¥ vs(k+ks—m) 1 +crossed diagram, (46)

where thek;’s are such that

which leads to the result 3/¢8) e*"*#p in the limit where k,—ks=p+a,
p?=0 [26]. In a position space regularization, this undeter-
minacy is expressed by its position space counterpart
lim,_o(x,X,)/x*=cg,, [32]. Alternatively, we could ana-
lyze such undeterminacy from the standpoint of the param-
etrizations as discussed in Sec. Il. Since the arbitrariness is k,—ki=g. 47
expressed by Eq40) with Y, defined in Eq(5) we have

ki—ks=p,

We may parametrize tHg's to be consistent with Eq47) as
Y0, =9l g (m?) —4 clig(m?)]

ki=ap+(B—-1)q,

A2 A2 ko=ap+pq,
In(—;) +pB1—4cC In(—z) —,821,
m m 45 ks=(a—1)p+(B—1)q, (48)

which is finite only if the symmetric limit ¢= 1) is taken. ~ fOr génerala and . In the spirit of IR, we choose to write
Therefore, if we choose suciyeneral parametrization to the (finite) differences betvyeen divergent integrals in terms
study the problem, the undeterminacies expressen,hy’  ©f the CR, Eqs(4)—(7) to yield

can be thought to come from the differenBe— B, which

cannot be fixed by gauge invariance due the presence of the

antisymmetric tensor. 1%0r an overview sef35).

30
:YW

=0, b
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TAWLFAWL (e T (k—ky) P+ (Ks—Kp) P10, Y2 of the CR and the momentum routing, enables us to fix tran-
= Vv + (T €unpol (Ko~ Ka) T+ (K —ka) 18, Y versality either in the vector or the axial Ward identity. The
—i€,0p0(Ka— k3)BgMJYg"— I €,0p0(Ka— ks)? reason is that the choice of the arbitrary parameters were left

o 8 8 po till the very end of the calculation to be fixed. This corre-
XGyp Yo" i €upaal (Katkp)”+ (ks +k1)"]1g5,Y0 sponds to fixing the ratio of renormalization scales in DFR.
+crossed diagram (49

In the equation abov@? is a finite, momentum-routing V. CONCLUSIONS AND OUTLOOK
independent quantitlit depends only on the differences ex-
pressed in Eq(47)], whose evaluation is sketched in the
Appendix. Notice, however, that we have terms that depen
explicity on the momentum routing. Using E¢48) and
Y9,=\g,, in Eq. (49) we get

We have successfully tested an implicit regularization
Hamework(IR) that works directly in momentum space to
studyCPT violation in an extended version of QERand the
triangle chiral anomaly, where regularization plays a delicate
role. The main purpose of our program is to construct a

TAVV=TAVV, 4in{e vapl aPP+(B—1)q] consistent regularization approach to dimension-specific
pre e a models, such as chiral, topological, and supersymmetric
- Gwap[aqﬁﬂﬂ—l)pﬁ]} models since we work in theéntege) space-time dimension

where the theory is defined and no explicit change in the
Lagrangian of the theory is effected. The Feynman diagram
calculation in dimension-specific models is often plagued by
spurious anomalies, especially beyond the one-loop order.
5 1 Yet a constrained version of IR is more practical from the
p”Tﬁ\V’;’z — —zewaﬁp”qﬂ, (51 calculational standpoint and more convenient as it appears to
4 fix gauge invariance from the start, we have seen that one
should be careful in studying problems in whi¢an odd
VEAVV_ i B number of parity-violating objects appear. As we have seen
q T/.Lva Ze,uvaﬂp a, (52) . . . . .
in the CPT violation problem discussed in Sec. Il gauge
invariance does not fix the undeterminacy. Another instance
(p+q)“ThVy=2mT,,, (53)  where the CR should be left arbitrary is the chiral Schwinger
model discussed ifil3]: should we choose to work with the
where T, is the usual vector-vector-pseudoscalar triangleconstrained version we would have obtained a wrong mass

=T+ 4iN(a—B+1)€,,0p(p— )P, (50)

unrva

Given that(see the Appendjx

amplitude we can write the Ward identities as spectrum, which is known from nonperturbative calculations
1 to be essentially undetermined in a range of values dictated

pTAVW_ | _ —diN(a—B+1) e b, by unitarity. Had we chosen to set the CR equal to zero for

P va A2 (a=BH1)( €urasPd the triangle anomaly calculation discussed in Sec. IV we

would enforce the momentum-routing invariance. Despite

1 losing the democracy between the AWI and VWI in what
QT = { — +4iN(a— B+ 1)] €,vapd’ PP, concerns the symmetry breaking by setting 0 in Eq. (54)

4m and consequently violating the VWI, we can still recourse to

wrAVV_ _ anf finite renormalization in a similar fashion as discussed in
(P+A) Ty =2mMT,,—8iN(a—B+1)€apP"d”.  (54)  [37]. By redefining a physical amplitude E=T, 0

~T,.,4(0), where T,,,(0)=1/(47%) €,,\(P—0)\, it is
Now \ is a local arbitrary parameter and the routing labeled®@Sy 10 see that we restore the VWI whereas the anomaly
by @, can assume any value. In particular we could rededoes to the AWI. For the counterpart in DFR please [Sge

fine AN(a— B+1)—\'. We finally write the Ward identites 'R may be also applied to Chem-Simons-Matt@SM)
as model calculations. The latter involves a three-dimensional

Levi-Civitta tensor which is just the analog of the matrix
1 in three dimensions. Usually CSM are evaluated using a
PrThve=— ——(a+t1)€,,q,P"q’, combination of high-covariant derivatives which are intro-
87 duced in the Lagrangian and a modified version of DR
Hooft Veltman ruleg This turns the propagators very com-
N 1 N plicated and unpractical for computation beyond the one
(P+Q)*Type=2mT,,— ﬁ(a—l)e#mpp q°, loop order[38]. Finally it has been recently showt5] that
(55) IR can be used to construct an algebraic proof of renormal-
izability for the <pg theory in an alternative fashion to the
where we defined iA’'=(a—1)/(872). Hence we clearly BPHZ method. The next step would be to implement this
see that our approach correctly displays the anomaly: thapproach for a gauge field theory as well as work with IR in
choice ofa, which is ultimately related to the arbitrary value more symmetric models and at higher loop ord@@.
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1 1-z Znym
APPENDIX: T}, CALCULATION gnm(p,q)=j dzJ dy (A9)
0
As T{YY is momentum-routing independent, we define
TRV for the routingk, =0, k=0, kg=—p: with
. Q=(y,2)=p*(1-y)+q°z(1-2)—m*+2p.qyz
T = f tr{y* ys(k—p—m) ~Ly#(k—m) * (A10)
X y"(k+d—m)~ 1} At the origin &,,(0,0)= —1/2m?. The functionsZ, are de-
fined as
=T /+terms multiplying Y's, ,
- 1 p?z(1—2z)—m?
AUV Zyp%im?)=| dzZIn|——5—|. (A11)
T)\,LLV_{E)\Mvw(pw_qw)Fl(p!q) 0 —-—m
+tPulpi €xvosd" t €xpwed”IF2(P,0) The following relations between the functiodg and &,
+erusP + €xnusp”]F can be easily checked and greatly simplifies the calculation
LExvagh”+ €xnagP”IFo(p.0) of the T} and the Ward identities,
+€uv0sl PYFa(p,a) + 0 Fs(p,q)1} ,
el PFo(P) APl (ap T ol PATP-AEdP.A)
; 1
i = SAZo(@%mP) = Zo(p.0; )+ P26og(p,)}, (A12)
1 [Z, 1 m*gp,q)
F i N B + 2; Y
St (4772){ z (PraO7m)=g=— 0%£14(p.Q) ~ P.GE20(P.0)
2 + 2
+ q fm(p,Q) p glO(p’q)} (A2) 1{_20[(p+q)2’m2] Zo(p2;m2)
4 ' == +
2 2 2
1 2
Fao(p,q)= (—T)[§01(p ) = €02 P, ) — &11(P,A) ], +0°€10(P.a) [, (AL13)
(A3)

1 0%£0o( P, ) — P-aé14(P.q)
Fs(p,a)= (—;[fll(p ')+ €20(P, ) — E10(P, A ],

2

+ %glo(P,Q)

1 5
§+m £0o(P. Q)

1
(A4) :E{_
1 3q2
Falp.q)=~ 72y [€0(P. Q) €2 P. Q) — €20 P Q)] +T§01(p,q)], (A14)
(AS)
. P?€2(P, )~ P-Aé1(P,q)
Fs(P.0) =~ 72y L£11(P. D) T 0u(P.0) ~ £0op, Q)]

I q°
(AB) =3 3T M &dP.A) |+ 5 £oa(P.Q)
1 [ Zop%m)  ( 3p?
Fe(p,q)=—(4wz)[— 0p4 i q §10(p,Q) +Tp§10(p,q)}, (A15)
+4m2§00(P7Q)}: (A7) p*£14(P,d) — P-UoAP,0)
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1 1 1
_ ) _ 2.2 _ 2.2

+ pz&m(p,q)}- (A16)

Adding up the crossed diagram we can readily see that

PHYSICAL REVIEW D64 046013

~ 1
AVV_
p#Tp,Va - ﬁ E,uvaﬂpﬂqﬁv (A17)
qV’-T-flt\lfc\l/: ﬁ Eﬂvaﬁpﬁqvl (A18)
(p+q)“ThVy=2mT,,. ged. (A19)
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